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A d i s c r e t e  parameter  r e p r e s e n t a t i o n  of  a s p i n n i n g  

f l e x i b l e  Skylab s p a c e c r a f t  ( i n c l u d i n g  b a l l a s t  booms) i s  

i n v e s t i g a t e d  t o  de termine  how w e l l  s t r u c t u r a l  damping a t t e n u a t e s  

wobble motion. Equat ions  of motion are d e r i v e d  and l i n e a r i z e d ,  

and damping behav io r  i s  e v a l u a t e d  by c a l c u l a t i n g  r o o t  mean 

s q u a r e  r e sponse  t o  random d i s t u r b a n c e s  r e p r e s e n t i n g  crew 

motion. The r e sponse  p rov ides  a measure of damping performance 

inasmuch as i t  v a r i e s  i n v e r s e l y  w i t h  t h e  amount of  damping i n  

t h e  system, as does t h e  more commonly used measure of system 

damping, t h e  sys tem t i m e  cons t an t .  I t  i s  found,  however, t h a t  

t h e  t w o  measures behave d i f f e r e n t l y  when d e s i g n  pa rame te r s  o t h e r  

t h a n  damping ( f o r  example, s t i f f n e s s )  are c o n s i d e r e d ,  and t h i s  

. raises t h e  q u e s t i o n :  how should one d e s i g n  a "well-damped" system? 

Response t o  random e x c i t a t i o n  i s  o b t a i n e d  by s o l v i n g  a 

l i n e a r  m a t r i x  e q u a t i o n  f o r  t h e  s t a t e  c o v a r i a n c e  ma t r ix .  Asymptotic 
- 
," s t a b i l i t y  i s  r e q u i r e d  of t h e  zero  s o l u t i o n  t o  t h e  e q u a t i o n s  of 
m - 
4 motion i n  o r d e r  t o  solve t h e  ma t r ix  e q u a t i o n ,  and t h i s  n e c e s s i t a t e s  
Y) 
9 - 
4 
m s u p p r e s s i n g  t h o s e  modes of  motion t h a t  are  s t ab le  b u t  n o t  a s y m p t o t i c a l l y  

so  by u s i n g  i n t e g r a l s  of t h e  equa t ions  of motion.  

SEE REVERSF SlnE FOR I T S T R I R I T T T ~ N  r ~ C T  
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TECHNICAL MEMORANDUM 

I n t r o d u c t i o n  

This  memorandum d e a l s  w i th  t h e  q u e s t i o n :  g i v e n  a 

s p i n n i n g  s p a c e c r a f t ,  i s  t h e  energy d i s s i p a t i o n  i n h e r e n t  i n  

t h e  s t r u c t u r e  s u f f i c i e n t  t o  a t t e n u a t e  wobble motions as 

t h e y  arise i n  s e r v i c e ?  Although t h i s  s u b j e c t  has  been 

i n v e s t i g a t e d  f o r  cases i n  which damping d e v i c e s  o t h e r  t h a n  

t h e  s t r u c t u r e  p rov ide  d i s s i p a t i o n , '  t h e  l i t e r a t u r e  on 

s t r u c t u r a l  wobble damping 2-6 is d i r e c t e d  more toward methods 

o f  a n a l y s i s  t h a n  toward numer ica l  r e s u l t s .  (Thomson and 

R e i t e r '  do  p r e s e n t  r e s u l t s  for v e r y  s imple  c o n f i g u r a t i o n s .  ) 

The p r e s e n t  work i n c l u d e s  both  a n a l y s i s  (by a method d i f f e r e n t  

t h a n  any sugges t ed  i n  t h e  r e f e r e n c e s )  and numer ica l  r e s u l t s  

f o r  Skylab  i n  an a r t i f i c i a l  g r a v i t y  c o n f i g u r a t i o n .  

The s e q u e l  i s  organized  as fo l lows :  The spacec ra f t ,wh ich  

s p i n s  abou t  an  a x i s  s l i g h t l y  i n c l i n e d  'to t h e  geometr ic  Z a x i s  

shown i n  F i g .  1, i s  modeled a s  a d i s c r e t e  parameter  system. Equa- 

t i o n s  of motion are  deve loped ' fo r  t h e  appendages and fo r  t h e  system- 

a s  a whole.  A means i s  d e s c r i b e d  f o r  f i n d i n g  system re sponse  t o  

" c o l o r e d  n o i s e " e x c i t a t i o n  r e p r e s e n t i n g  crew motion.  F i n a l l y ,  r e s u l t s  

are p r e s e n t e d  i n .  t e r m s  of root mean s q u a r e  ( r m s )  wobble a n g l e  



a 
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r e sponse  t o  c r e w  motion, and t h e s e  

w i t h  t h o s e  o b t a i n e d  by us ing  t h e  s 

a measure of performance . 
Svs t e m  D e s c r i p t i o n  

2 -  

r e s u l t s  a r e  compared 

r s t e m  t i m e  c o n s t a n t  a 

The s p a c e c r a f t  shown i n  F i g .  1 i s  i d e a l i z e d  as 

a r i g i d  c e n t r a l  body and e i g h t  appendages,  namely, t h e  s i x  

s o l a r  c e l l  a r r a y s  and t h e  t w o  b a l l a s t  booms. (The booms' 

f u n c t i o n  i s  t o  make t h e  s p i n  a x i s  one of s t a b l e  r o t a t i o n . )  

A t t i t u d e  of t h e  c e n t r a l  body r e l a t i v e  t o  an i n e r t i a l  reference 

frame i s  s p e c i f i e d  by means of E u l e r  ang le  r o t a t i o n s  of 

magnitude 8 3 ,  el, O 2  c a r r i e d  o u t  s e q u e n t i a l l y  about  the (geomet r i c )  

Z,X,Y a x e s ,  r e s p e c t i v e l y .  Inasmuch a s  t h e  s o l a r  a r r a y s  behave t o  

a f i r s t  approximation as c a n t i l e v e r  beams w i t h  d e f l e c t i o n s  

i n  t h e  Z d i r e c t i o n ,  each of t h e  a r r a y s  i s  modeled as a p a r t i c l e  

whose motion r e l a t i v e  t o  t h e  c e n t r a l  body i s  c o n s t r a i n e d  t o  be  

p a r a l l e l  t o  t h e  Z a x i s .  S i m i l a r l y ,  each boom i s  modeled as 

a p a r t i c l e  whose r e l a t i v e  motion i s  c o n s t r a i n e d  t o  be p a r a l l e l  

t o  t h e  X Z  p l a n e .  A s p r i n g  and a dashpot  a r e  provided  f o r  each 

of t h e s e  t e n  r e l a t i v e  deg rees  of freedom. 

L e t  body 1 denote  t h e  c e n t r a l  body, l e t  b o d i e s  2 

and 3 deno te  t h e  booms, and let b o d i e s  4-9 deno te  t h e  s o l a r  

a r r a y s .  I n t r o d u c e  a body 10 t o  r e p r e s e n t  a crewman, whose 

motion r e l a t i v e  t o  body 1 is p r e s c r i b e d ;  t h e  p r e s c r i b e d  crew 

motion c o n s t i t u t e s  a system e x c i t a t i o n .  

i t s  m a s s  and p .  deno tes  i t s  mass c e n t e r  l o c a t i o n  r e l a t i v e  t o  

t h e  sys tem mass c e n t e r .  

For body i ,  mi deno tes  

-1 
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8 

The a n a l y s i s  i s  performed u s i n g  a set  o f  r i g h t -  

handed, mutua l ly  o r thogona l  u n i t  v e c t o r s  -1' i -2' i -3 i f i x e d  

i n  t h e  c e n t r a l  body and r e s p e c t i v e l y  p a r a l l e l  t o  X ,  Y, Z .  

Appendage Equat ions  

For  r e a s o n s  t h a t  w i l l  become a p p a r e n t  l a t e r ,  w e  

s eek  a minimal-order se t  of motion e q u a t i o n s .  T o w a r d  t h i s  

end,  l e t  

r .  = p .  - p i = 2 ,  ..., 1 0  
-1 -1 -1 ' 

By d e f i n i t i o n  of  p . ,  
-1 

f r o m  which 

10 
e1 = -If mi) 1. i r .  -1 

i=l i = 2  

L e t  

) i + q .  j + ( r . + u  ) k ,  i = 2 , 3  ( ~ i + ~ 2 i - 3  - 1- 1 2 i - 2  - r .  = 
-1 

r .  = ~ . i + q . j + ( r . + u ~ + ~ ) k ,  - i = 4  ,..., 9 

zlo= (plO+vl)i+ (qlO+v2)j+ (rl0+v3)k 

-1 1- 1- 1 
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a 

where ui=u. ( t)  , i=l, . . . , 1 0 ,  a r e  sys tem g e n e r a l i z e d  c o o r d i n a t e s  

and vi=v. ( t ) ,  i=l, 2 ,  3 ,  are p r e s c r i b e d  t r a n s l a t i o n a l  crew mot ions ;  

r . = p . i + q . j + r . k  when t h e  s t r u c t u r e  i s  undeformed and vl=v2=v3=0. 

Equat ions  (11, ( 3 1 ,  and ( 4 )  r e l a t e  p ,  i=l, ..., 1 0 ,  t o  t h e  

g e n e r a l i z e d  c o o r d i n a t e s  and p r e s c r i b e d  crew mot ions .  

1 

1 

-1 1- 1- 1- 

U u are r e l a t e d  t o  

t h e  c e n t r a l  body E u l e r  a n g l e s  e l ,  e 2 ,  e 3  i n  t h e  fo l lowing  way: 

11' 1 2 '  13 Genera l i zed  c o o r d i n a t e s  u 

= ull 

= U12 + B e 2  

e 3  = u13 + a t  (5 )  

where B ,  which arises due t o  asymmetry of t h e  v e h i c l e  i n  t h e  

X Z  p l a n e ,  i s  t h e  a n g l e  between t h e  Z a x i s  and t h e  a x i s  of maximum 

moment of i n e r t i a  of t h e  composite undeformed v e h i c l e  ( t h e  s p i n  

a x i s ) ,  and where R i s  t h e  s p i n  speed .  The a n g u l a r  v e l o c i t y  

o f  t h e  c e n t r a l  body, l i n e a r i z e d  i n  u U 11' 1 2 '  u13' is 
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A c c e l e r a t i o n  of body i r e l a t i v e  t o  t h e  v e h i c l e  

m a s s  c e n t e r  i s  

. .  .. 
a .  = p .  +2 uxp . +wwp . + w  x (wxp , ) - -1 -1 -1 - -1 - -1 - 

where d o t s  d e n o t e  t i m e  d e r i v a t i v e s  t a k e n  i n  a r e f e r e n c e  

frame f i x e d  i n  t h e  c e n t r a l  body. Appendage e q u a t i o n s  o f  

motion are o b t a i n e d  s imply by apply ing  D'Alembert ' s  p r i n c i p l e  

t o  each  appendage. For  t h e  booms t h i s  g i v e s  

m 

m a.*k+kBu2i-2+dBu2i-2=0, i = 2 ,  3 

a .  -i+kBu2i-3 +dgu2 - 3= 0 i -1 - 

i -1 - 

where .kg  and dB are t h e  boom s t i f f n e s s  and damping c o e f f i c i e n t s ,  

r e s p e c t i v e l y .  One e q u a t i o n  i s  o b t a i n e d  s i m i l a r l y  f o r  each  o f  

t h e  s i x  s o l a r  a r r a y s ,  so  t h a t  a l t o g e t h e r  t h e r e  are  t e n  second- 

o r d e r  appendage e q u a t i o n s .  

T o t a l  System Equat ions  

P rov ided  t h e  crewman's p r e s c r i b e d  r o t a t i o n s ,  v 4 , v 5 , v 6 ,  

remain s m a l l ,  t h e  angular  veiocii;y- of ~ 1 ^  --------- --I - J - < - - -  LIAS: C ; L c w i t i a i i  L c I a L I v G  to 

t h e  c e n t r a l  body i s  

X = v  i + v 5 i + v 6 -  k - 4 -  
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The sys tem a n g u l a r  momentum w i t h  r e s p e c t  t o  i t s  m a s s  c e n t e r  

i s  

where I i s  t h e  c e n t r a l  body c e n t r o i d a l  i n e r t i a  dyad ic  and 

where L i s  t h e  c e n t r o i d a l  moment of i n e r t i a  of t h e  crewman, 

who i s  cons ide red  i n e r t i a l l y  s p h e r i c a l .  I n  t h e  absence of 

- 

e x t e r n a l  t o r q u e s  a c t i n g  on t h e  system, t h r e e  second-order  

e q u a t i o n s  of  motion may be ob ta ined  from 

These e q u a t i o n s  t o g e t h e r  w i t h  t h e  t e n  appendage e q u a t i o n s  

c o n s t i t u t e  a 26th-order  system, t h a t  i s ,  t h i r t e e n  second- 

13 * o r d e r  e q u a t i o n s  i n  ul ,  ..., u 

The sys tem can be reduced t o  twen ty - th i rd  o r d e r  by 

i n t e g r a t i n g  (11) t o  o b t a i n  H = C ,  where C i s  c o n s t a n t  i n  an 

i n e r t i a l  r e f e r e n c e  frame. The i n t e g r a t i o n  c o n s t a n t  may be 

- - - 

all t o  ze ro .  Then 

H = JRN - - 
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where J i s  t h e  maximum moment of i n e r t i a  of t h e  undeformed 

v e h i c l e  and N - i s  a u n i t  v e c t o r  p a r a l l e l  t o  t h e  i n e r t i a l l y  

f i x e d  s p i n  a x i s .  

Equat ions  ( 1 0 )  and ( 1 2 )  are combined t o  o b t a i n  t h e  e q u a t i o n s  

o f  motion 

1 0  

i=l 

which may be used i n  p l a c e  of (11). N o w  ( 1 4 )  c o n s t i t u t e s  a 

sys t em of t h r e e  scalar equa t ions  t h a t  may be d i f f e r e n t i a t e d ,  

s o l v e d  f o r  ull, u12, u13, and u s e d  t o  e l i m i n a t e  t h e s e  q u a n t i t i e s  

from t h e  appendage e q u a t i o n s .  When t h i s  i s  done t h e  t e n  appendage 

.. 

e q u a t i o n s  and the three s c a l a r  e q u a t i o n s  ( 1 4 )  can be w r i t t e n  i n  

t h e  form d i / d t  = f ( z ,  j, t )  w h e r e  gT=[u 1, ‘ulol and 

of t h e  f o r m  d:/dt = [;l,...,;lO]T c o n s t i t u t e  a 23rd-order  se t  

of e q u a t i o n s  of motion.* 

I n s p e c t i o n  of  (1) - (14) reveals t h a t  u13 does  n o t  i n  

f a c t  appear  i n  t h e  e q u a t i o n s  of motion. The re fo re ,  u may be 13  
h ,. 

T I ^  d e l e t e d  f r o m  u and t h e  l a s t  equa t ion  o f  d u / d t  = f ( u , u , t )  may be 

d e l e t e d  from t h e  set  of e q u a t i o n s  w i t h o u t  a f f e c t i n g  t h e  s o l u t i o n  

* S u p e r s c r i p t  T deno tes  m a t r i x  t r a n s p o s i t i o n .  
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f o r  t h e  remain ing  v a r i a b l e s .  The  se t  of e q u a t i o n s  i s  now of  

22nd o r d e r ,  t h e  importance of which w i l l  be d i s c u s s e d  s h o r t l y .  

Response t o  Random C r e w  Motion 
~ 

The 22nd-order sys tem of e q u a t i o n s  of  motion,  when 

l i n e a r i z e d ,  can be  w r i t t e n  i n  t h e  form 

.. 
y = Ay + B v + B2v + J3 v + C 1 3 

where yT = [u,, . .. ,u12, i l ,  ... , where v T = [v,, . , 
and where m a t r i c e s  A ( 2 2  x 2 2 1 ,  B i r  i = 1 , 2 , 3  ( a l l  2 2  x 6 ) ,  and 

C ( 2 2  .x 1) are a l l  t i m e  i n v a r i a n t .  Our o b i e c t i v e  i s  t o  f i n d  

t h e  r m s  v a l u e  of  y when crew motions v , ( t )  ,. . . , v , ( t )  are 

s t a t i o n a r y  random p r o c e s s e s  whose power s p e c t r a l  d e n s i t i e s  

are s p e c i f i e d .  Rather  t h a n  work w i t h  (15)  d i r e c t l y ,  i t  i s  

more conven ien t  t o  use t h e  a b b r e v i a t e d  e q u a t i o n  

. I  

y = Ay' + B 1 v + B2; + B 3 J  

whose s o l u t i o n s  d i f f e r  from those  of (15 )  by t h e  c o n s t a n t  

arnwulii A L; clear:i;, y 2nd y h i y . 7 ~  the same cova r i ance  

matrices. 

-1". 1 
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Random c r e w  motion d a t a  comes i n  t h e  form of measured 

power s p e c t r a l  d e n s i t i e s  f o r  t h e  f o r c e s  and moments e x e r t e d  by 

a crewman per forming  v a r i o u s  a c t i v i t i e s .  The s i m p l e s t  

a c c e p t a b l e  a n a l y t i c a l  form f o r  t h e  f i l t e r s  a s s o c i a t e d  w i t h  

such power s p e c t r a l  d e n s i t i e s  i s  

2 

s3+bs2+cs+d 
3s F ( s )  = 

(Any s i m p l e r  r a t i o n a l  f u n c t i o n  would g i v e  r ise t o  unbounded 

mean s q u a r e  o u t p u t  i n  e i t h e r  f o r c e  o r  d i sp l acemen t . )  That 

i s ,  i f  s o - c a l l e d  wh i t e  n o i s e  i s  passed  through a l i n e a r  

f i l t e r  whose t r a n s f e r  f u n c t i o n  i s  F ( s ) ,  t h e  o u t p u t  would be 

an a c c e p t a b l e  r e p r e s e n t a t i o n  of random c r e w  motion f o r c e s  or 

moments. Some of t h e  measured d a t a 7  f i t s  t h e  a n a l y t i c a l  form 

( 1 7 )  q u i t e  w e l l .  

by d i v i d i n g  ( 1 7 )  by t h e  crewman's i n e r t i a  and t h e n  i n t e g r a t i n g  

The p r e s c r i b e d  c r e w  motions vi  a r e  o b t a i n e d  

t w i c e  t o  o b t a i n  d i sp lacemen t .  

By combining ( 1 6 )  wi th  s i x  of t h e  c r e w  motion f i l t e r s  

j u s t  d e s c r i b e d  ( conve r t ed  t o  d i f f e r e n t i a l  e q u a t i o n  form) one 
o b t a i n s  

j; = K x  +- v$7 

where t h e  40  x 1 v e c t o r  x compr ises  t h e  twenty-two e l e m e n t s  o f  

y fo l lowed by t h e  e i g h t e e n  new s t a t e  v a r i a b l e s  a s s o c i a t e d  w i t h  
1 

t h e  s i x  t h i r d - o r d e r  f i l t e r s ,  where 



BELLCOMM, INC. 

K =  

A 

- 10 - 

lM 

-dl 

-d6 

B2M 

U 

-cl 

-'6 

B3M 

U 

1 -b 

-b6 

. 
and where w i s  n u l l  e x c e p t  f o r  i t s  l a s t  s i x  e lements ,  which 

are t h e  independent  w h i t e  n o i s e  f u n c t i o n s  w , ( t )  ,.. . ,w6 ( t )  ; 

i n  ( 1 9 )  , M i s  a 6 x 6 ma t r ix  t h a t  i s  n u l l  e x c e p t  f o r  t h e  

d i a g o n a l  e lements  al/mlO, a2/m10,  a 3 /m 1 0 '  aq /Lf  ag /LI  a6/Lf 

r e s p e c t i v e l y ,  U deno tes  t h e  6 x 6 i d e n t i t y  m a t r i x ,  and ai, bi, 

c di are t h e  s i x  sets o f  f i l t e r  c o e f f i c i e n t s  as shown i n  ( 1 7 ) .  

I t  fo l lows  from (18)  t h a t  when bo th  x ( 0 )  and w ( t )  have 

i f  

z e r o  mean, x ( t ) ,  t > O ,  also h a s  z e r o  mean. I n  t h i s  case, t h e  

s t a t e  cova r i ance  m a t r i x  i s  

where E i s  t h e  e x p e c t a t i o n  o p e r a t o r ,  and t h e  d i a g o n a l  e lements  

of P ( t )  c o n s t i t u t e  t h e  d e s i r e d  mean s q u a r e  v a l u e s  of t h e  s ta te .  

The a sympto t i c  v a l u e  P = l i m  P ( t )  i s  t h e  s o l u t i o n  o f  t h e  m a t r i x  

e q u a t i o n .  
t - + w  8 

T K P + P K  + W = O  (21) 
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For t h e  case a t  hand, t h e  40 x 40 m a t r i x  W i s  n u l l  e x c e p t  f o r  

t h e  l a s t  s i x  d i a g o n a l  e l e m e n t s ,  which have u n i t  v a l u e .  

Equat ion  (21) h a s  a unique s o l u t i o n  on ly  i f  K h a s  

no p u r e l y  imaginary e igenva lues ,  

if none of  t h e  e i g e n v a l u e s  of A are imaginary.  

ar ises  from a dynamical model posses s ing  s i x t e e n  degrees  of  

freedom ( s i x  f o r  t h e  c e n t r a l  body and t e n  f o r  t h e  appendage 

r e l a t ive  motions)  . Hence, t h e  complete  l i n e a r i z e d  e q u a t i o n s  

of motion p o s s e s s  t h i r t y - t w o  e i g e n v a l u e s ,  t e n  of  which can be 

expec ted  t o  be  imaginary (see Appendix A ) .  The e q u a t i o n s  of  

motion have been reduced t o  22nd-order,  however, and t h e  

m o t i v a t i o n  f o r  t h i s  w a s  p r e c i s e l y  t o  e l i m i n a t e  t h e  t e n  t r o u b l e -  

some e i g e n v a l u e s .  ( R e c a l l  t h a t  g r o s s  t r a n s l a t i o n  w a s  suppres sed  

by u s e  of  ( 3 ) ,  system a n g u l a r  momentum w a s  f i x e d  i n  bo th  

magnitude and d i r e c t i o n  by use  of  (12), and f i n a l l y  t h e  unnecessary  

v a r i a b l e  u w a s  dropped. ) 1 3  
I n  s p e c i f i c  cases t h e  e i g e n v a l u e s  o f  K can be found 

n u m e r i c a l l y ,  and when a l l  have n e g a t i v e  r e a l  p a r t s ,  means are 

which i s  p o s s i b l e  o n l y  

Recall  t h a t  A 

a v a i l a b l e  f o r  s o l v i n g  ( 2 1 )  numer i ca l ly .  1 0  

Application and Discussion 

The v e h i c l e  parameters  o f  g rea tes t  i n t e r e s t  are s p i n  

speed ,  appendage n a t u r a l  f r equenc ie s  ( o r  e q u i v a l e n t l y ,  s t i f f n e s s e s )  , 
and appendage damping r a t i o s .  

q u a n t i t i e s  f o r  Skylab a r e  given i n  Table  I ,  and a complete  se t  

R e p r e s e n t a t i v e  v a l u e s  of  t h e s e  
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Value j Comments 

Table I 

B a s i c  d a t a  f o r  Skvlab s n a c e c r a f t  

f requency  I 

1 
f i r s t  c a n t i  l e v e r  mode 

S o l a r  a r r a y  damping i . 0 2  
r a t i o  1 

Appl ies  t o  a l l  s i x  a r r a y s  
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of  parameters  is g iven  i n  Appendix B .  The boom n a t u r a l  

f requency , which i s  g i v e n  i n  t h e  t a b l e  f o r  R=O, i s  

augmented as a f u n c t i o n  of  R t o  accommodate an e f f e c t i v e  

i n c r e a s e  i n  s t i f f n e s s  w i t h  R. (This  i s  t h e  o p p o s i t e  of  t h e  

l a t e r a l  s o f t e n i n g  phenomenon encountered i n  a x i a l l y  loaded 

columns. 

Before r e s u l t s  f o r  random e x c i t a t i o n  are p r e s e n t e d ,  

i t  i s  i n s t r u c t i v e  t o  c o n s i d e r  t h e  sys t em ' s  c h a r a c t e r i s t i c  

r e sponse  i n  wobble, t h a t  i s ,  t h e  n a t u r a l  f requency  and t i m e  

c o n s t a n t  a s s o c i a t e d  w i t h  wobble motion. These two q u a n t i t i e s  

are o b t a i n e d  from t h e  imaginary and r e a l  p a r t s ,  r e s p e c t i v e l y ,  

of  t h e  p a i r  o f  e igenva lues  a s s o c i a t e d  w i t h  wobble motion (see 

Appendix A ) .  The e f f e c t  of  va ry ing  boom n a t u r a l  f requency  i s  

shown i n  F i g .  2 .  Observe t h a t  wobble f requency  d rops  t o  

z e r o  a t  abou t  wg=0.47 r ad / sec .  Below t h i s  v a l u e  one of t h e  

wobble motion e i g e n v a l u e s ,  which are bo th  now r ea l ,  becomes 

p o s i t i v e .  The re fo re ,  t h e  motion i s  u n s t a b l e ,  and ( 2 1 )  cannot  

be s o l v e d  when uB i s  less than  about  0.47 r a d / s e c .  

r e s u l t s  are o b t a i n e d  when t h e  n a t u r a l  f r e q u e n c i e s  o f  o t h e r  

appendages are v a r i e d .  

S i m i l a r  

F i g .  3 i l l u s t r a t e s  t h e  e f f e c t  of v a r y i n g  s p i n  

speed R; s i m i l a r  t o  t h e  s i t u a t i o n  j u s t  d i s c u s s e d ,  wobble 

f requency  drops  t o  z e r o  and the motion becomes u n s t a b l e  as 

R is  r a i s e d  above 0.7 r ad / sec .  The i n i t i a l  s l o p e  o f  t h e  wobble 

f requency  vs. R curve ,  shown i n  F i g .  3 ,  i s  o b t a i n a b l e  from 

t h e  r i g i d  body e i g e n v a l u e s  a s s o c i a t e d  w i t h  wobble (g iven  i n  
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Appendix A ) .  Apparent ly ,  t h e  v e h i c l e  behaves a s  a r i g i d  body 

a t  low s p i n  speeds ;  a t  h i g h e r  speeds appendage r e l a t i v e  d i s -  

placements  become s u b s t a n t i a l ,  e v e n t u a l l y  t o  t h e  e x t e n t  t h a t  

s p i n  abou t  t h e  a x i s  of  maximum moment of i n e r t i a  o f  t h e  

undeformed v e h i c l e  i s  no longe r  s t a b l e .  ( T h i s  does n o t  imply 

t h a t  s t a b l e  s p i n  abou t  some o t h e r  a x i s  does n o t  e x i s t . )  

I 

For random c r e w  motion e x c i t a t i o n ,  w e  u se  d a t a  f o r  

an a c t i v i t y  t h a t  i n v o l v e s  t h e  unpacking and s e t t i n g  up of a 

shower bag.7 T h i s  a c t i v i t y  i s  chosen because  it i s  t h e  most 

v igo rous  one a v a i l a b l e  f o r  which t h e  measured power s p e c t r a l  

d e n s i t i e s  i n  a l l  t h r e e  f o r c e s  and t o r q u e s  f i t  t h e  a n a l y t i c a l  

form ( 1 7 )  w e l l .  

The response  v a r i a b l e  of i n t e r e s t  i s  wobble a n g l e ,  

4, d e f i n e d  a s  t h e  a n g l e  between t h e  i n e r t i a l l y  f i x e d  s p i n  a x i s  

and an  a x i s  f i x e d  i n  t h e  c e n t r a l  body t h a t  i s  t h e  a x i s  of 

maximum moment of i n e r t i a  of t h e  undeformed v e h i c l e .  Provided 

t h e  s t a t e  v a r i a b l e s  remain sma l l  

2 
12 ' = u 1 1  2 + u  

F i g s .  4 and 5 show how r m s  wobble a n g l e  v a r i e s  

w i t h  uB and a ,  r e s p e c i t v e l y .  

w i t h  t h o s e  f o r  wobble motion t i m e  c o n s t a n t ,  F i g s .  2 and 3 ,  

These cu rves  should  be compared 

and t h e  t i m e  c o n s t a n t  a r e  r e l a t e d  measures r e s p e c t i v e l y ;  ' r m s  
of  performance i n  t h a t  bo th  vary i n v e r s e l y  w i t h  t h e  amount of 

damping i n  t h e  sys tem ( t h e s e  curves  a r e  n o t  p r e s e n t e d ) .  A s  can 

be  s e e n  by comparing F i g s .  2 and 4 o r  F i g s .  3 and 5., however, 
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. 

the analogy between the measures of performance fails when 

parameters w or R, resPectively, are involved. 

Conclusions 
B 

A certain amount of energy dissipation is needed 

in a spinning spacecraft in order to keep wobble motions 

acceptably small in the presence of random excitations, such 

as those due to crew motion. It is shown that for Skylab, 

structural damping alone is sufficient to hold wobble to 

about one degree rms in the presence of crew motion. 

Although energy dissipation is essential in attenuating 

random disturbances, the system time constant, which is a commonly 

used measure of damping, is not always indicative of rms response. 

For example, rms wobble angle decreases as appen.dacJes are made 

stiffer (Fig. 4), but the time constant increases with appendage 

stiffness (Fig. 2). This unexpected behavior has prompted further 

investigation, and a simple model, amenable to analytical solution, 

has been found to also exhibit increasing time constant and 

decreasing rms wobble angle as appendage stiffness is increased. 

The simple model confirms the results presented in Fiqs. 2 and 4. 

12 

T h i s  investigation is focused on a specific spacecraft 

design, but the methods used are applicable to a large class of 

spinning spacecraft. In particular, the covariance matrix 

approach to random vibration is a powerful technique - 

applicable as well to time-varying (linear) systems incorporating 

control elements - that is seldom used in attitude and structural 

dynamics. 
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When us ing  t h e  cova r i ance  m a t r i x  t echn ique  on t i m e  

i n v a r i a n t  sys tems,  s p e c i a l  c o n s i d e r a t i o n  m u s t  be 'g iven  t o  

w r i t i n g  e q u a t i o n s  of  motion whose s o l u t i o n s  a r e  a s y m p t o t i c a l l y  

s t a b l e .  Th i s  w a s  t h e  m o s t  d i f f i c u l t  a s p e c t  of t h e  p r e s e n t  

i n v e s t i g a t i o n .  

1022-PGS-mef P .  G .  Smith 

Attachments  
Appendices A-B 
References  
F i q u r e s  1-5 
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Appendix A 

The o b j e c t i v e  h e r e  i s  t o  show t h a t  f o r  a s p i n n i n g ,  

f l e x i b l e ,  d i s s i p a t i v e  system free of  e x t e r n a l  forces and 

t o r q u e s ,  one can e x p e c t  t h e  l i n e a r i z e d  e q u a t i o n s  of  motion 

t o  p o s s e s s  t e n  p u r e l y  imaginary ( i n c l u d i n g  ze ro )  e i g e n v a l u e s .  

What fo l lows  i s  n o t  i n t ended  t o  be a proof  b u t  mere ly  a 

p e r s u a s i v e  argument. 

F i r s t  obse rve  t h a t  one may use  as g e n e r a l i z e d  

c o o r d i n a t e s  t h r e e  mutua l ly  o r thogona l  t r a n s l a t i o n s  o f  t h e  

sys tem mass c e n t e r  i n  an  i n e r t i a l  r e f e r e n c e  frame. The 

a s s o c i a t e d  e q u a t i o n s  o f  motion t a k e  t h e  form m x = O ,  my=O, 

mz=O, and it i s  clear  t h a t  t h e s e  e q u a t i o n s ,  which are n o t  
.. 

coupled  w i t h  t h e  remainder  o f  t h e  e q u a t i o n s  o f  motion, c o n t r i b -  

u t e  s i x  z e r o  e igenva lues  t o  t h e  se t  of system e i g e n v a l u e s .  

There are t h r e e  degrees  of freedom a s s o c i a t e d  w i t h  

t h e  a t t i t u d e  o f  t h e  system as a whole. Conclusions r e g a r d i n g  

t h e  co r re spond ing  e igenva lues  can be reached by i n v e s t i g a t i n g  

t h e  motion o f  a s p i n n i n g  to rque - f r ee  r i g i d  body. Suppose t h a t  

t h e  budy has c e n t r o i d a l  principal rnr?xen+s. of i n e r t i a  I 

t h a t  c $ ~ ,  $*, $ are s m a l l  r o t a t i o n s  abou t  t h e  r e s p e c t i v e  p r i n c i p a l  

axes ,  and t h a t  t h e r e  i s  i n  a d d i t i o n  s p i n  a t  r a t e  i2 abou t  t h e  

12, I,, i' .J 

3 

3-axis .  The l i n e a r i z e d  equa t ions  of  motion are then 
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.. 
I303 = 0 

The t h i r d  e q u a t i o n  i s  uncoupled from t h e  f i r s t  two, 

and i t s  e i g e n v a l u e s  are both  zero.  Observe from t h e  e q u a t i o n s  

t h a t  $ 3  may be changed by an  a r b i t r a r y  ( s m a l l )  amount 6 w i t h o u t  

a f f e c t i n g  t h e  motion ( e x c e p t  t h a t  c $ ~  w i l l  be incremented by 6 ) .  

The same conc lus ion  may be reached by o b s e r v i n g  t h a t  s i n c e  no 

e x t e r n a l  f o r c e s  o r  t o r q u e s  a c t ,  t h e  motion i s  u n a f f e c t e d  by an 

a r b i t r a r y  r e o r i e n t a t i o n  about  t h e  s p i n  a x i s ,  and t h i s  argument 

h o l d s  f o r  a f l e x i b l e  d i s s i p a t i v e  body as w e l l .  Fur thermore,  

observe t h a t  a change i n  0 c o n s t i t u t e s  a change i n  system 

a n g u l a r  momentum; t h i s  v i o l a t e s  t h e  p ' r i n c i p l e  o f  c o n s e r v a t i o n  

3 

of  a n g u l a r  momentum, which holds f o r  bo th  r i g i d  and d i s s i p a t i v e  

sys tems.  W e  conclude t h a t  motions abou t  t h e  s p i n  a x i s  of a 

d i s s i p a t i v e  system are c h a r a c t e r i z e d  by an e q u a t i o n  o f  form 

(A-31, and t h e r e f o r e ,  d i s s i p a t i v e  systems have a p a i r  o f  z e r o  

e i g e n v a l u e s  a s s o c i a t e d  w i t h  s p i n  a x i s  motion, as do r i g i d  sys tems.  

The e i g e n v a l u e s  of  (A-1) and (A-2) are + i n  and +i7Q - - 
2 where i =-1 and 7 = [(I -I ) (13-12)/(Il12)11'2. 

s o l u t i o n s  a s s o c i a t e d  w i t h  t h e  f i r s t  p a i r  of  e i g e n v a l u e s  are 

The c h a r a c t e r i s t i c  3 1  
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. 

= c1 s i n R t  + C2 cosRt $1 

$ 2  =-C2 s i n n t  + C cosn t  1 

(A-4) 

( A - 5 )  

where C1 and C2 are a r b i t r a r y  c o n s t a n t s .  Now suppose t h a t  

t h e  body 1, 2 ,  3 axes  are al igned w i t h  i n e r t i a l l y  f i x e d  X , Y , Z  

axes  and t h a t  t h e  body i s  r o t a t e d  through s m a l l  a n g l e s  y and 

y 2  a b o u t  X and Y ,  r e s p e c t i v e l y ,  and t h e n  spun up abou t  t h e  3 -ax i s .  

1 

The Z-axis now has  d i r e c t i o n  c o s i n e s  (ylsinRt-y2cosRt) , 

(y s i n Q t + y l c o s R t ) ,  and 1 r e l a t i v e  t o  t h e  1, 2 ,  3 axes .  

same d i r e c t i o n  c o s i n e s  can be ob ta ined  by r o t a t i n g  an amount 

The 2 

= y2s inRt  + y c o s a t  1 

a b o u t  t h e  1 -ax i s  and 

0,' =-ylsinRt + y2cosRt 

( A - 6 )  

( A - 7 )  

a b o u t  t h e  2-ax is .  By comparing (A-6), (A-7) w i t h  (A-4), (A-5) it 

can  be seen  t h a t  motions (A-4) and (24-5) c o n s t i t u t e  pu re  s p i n  

a b o u t  an i n e r t i a l l y  f i xed  a x i s  t h a t  has been r o t a t e d  through 

a n g l e s  C2 and c1 a b a u t  X and Y ,  r e s p e c t i v e l y .  Consequent ly ,  motions 
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a s s o c i a t e d  w i t h  t h e  e i g e n v a l u e s  + i G  have t o  do  wi th  i n e r t i a l  

o r i e n t a t i o n  of t h e  system angu la r  momentum v e c t o r ,  and inasmuch 

as t h e  a n g u l a r  momentum of a d i s s i p a t i v e  system i s  a l s o  i n e r t i a l l y  

c o n s t a n t ,  e i g e n v a l u e s  + i O  are expec ted  f o r  t h i s  system t o o .  

- 

- 
I t  h a s  been shown t h a t  a s p i n n i n g  d i s s i p a t i v e  system 

can be  expec ted  t o  have e i g h t  zero e i g e n v a l u e s  and a p a i r  + i n .  

The remain ing  p a i r  a s s o c i a t e d  wi th  gross motion, i f  such can 

be i d e n t i f i e d ,  must t h e r e f o r e  have t o  do w i t h  wobble. 

- 
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i 1 mi(s lugs)  ~ p i ( f t )  
I I 

I 

Appendix B 

q i  ( f t )  1 r i ( f t )  
I 

S y s t e m  P a r a m e t e r s  Used i n  t h e  A n a l y s i s *  

- - ! 
I - 

I = 5 0 8 6 8 9 i  i - 1 3 2 7 i  j + 1 9 6 8 9 8 i  k - -  - -  - -  - 

- 1 3 2 7 j  i + 42388561  j - 9 2 7 0 j  k 

+196898k  i - 9 2 7 0 k  j + 4 0 4 7 0 7 9 k  k s l u g - f t  

- -  - -  - -  
2 

- -  - -  - -  

2 

= . 0 1 4 8 ,  dw = 5 . 4 2 6  lb-sec/ft  

L = 1 2  s l u g - f t  

dA= 1 . 1 3 6 ,  d 
g 

g W 
kA= 3 2 . 4 8 ,  k = 4.00, k = 3 6 2 . 2 2  I b / f t  

B = 3 . 8 1 9 3 3 6 7  deg 

* T h e s e  da ta ,  considered representa t ive ,  are compiled i n  

p a r t  f r o m  References 13-15. 
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i a i 

1 6 . 7 9  lb/sec 

2 7 . 2 8  lb/sec 

b .  1 (sec-l) c .  1 (sec-2) d .  1 ( ~ e c - ~ )  

i 4 . 3 4  1 0 . 9  I . 0 0 4 7 1  

. 0 0 7 7 6  5 . 3 7  15.3 i 
I 

1 i 
1 5 . 6  lb/sec 3 

4 1 2 . 0  f t- lb/sec 

. 0 2 0 2  3 . 5 7  2 8 . 9  f 

5 .11  2 0 . 5  . 0 1 2 1  
! 

5 2 0 . 1  f t-lb/sec 3 . 4 7  8.. 46 . 0 0 3 2 0  

6 4 . 4 2  ft-lb/sec 5 . 2 8  1 9 . 1  . 0 1 0 8  
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FIGURE 2 - CHARACTERISTIC WOBBLE MOTION VS APPENDAGE NATURAL FREQUENCY 
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